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Introduction: a force from nothing
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Discovery and early history

Dutch physicist H. Casimir 

 worked on stability of colloidal 
   suspensions (1940’s)

 some suspensions were more 
   stable than expected

 added retardation to van der Waals 
interactions (1948)
           different distance scaling  ⇒

Niels Bohr thought this over, then mumbled some like 
“must have something to do with the zero-point energy”
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Zero-point energy (ZPE)

 1900: concept of  zero-point energy (Planck)

 1927: quantum mechanics and the uncertainty principle  (Heisenberg)

 1933: critique of the application of zero-point energy to radiation field (Pauli)

“

”

E0 =
1

2
�ω

∆x ∆p ≥ �
2
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ZPE between parallel plates

allowed modes have to vanish on the plates 
(perfect conductor boundary conditions)

mode restriction w.r.t. free space⇒
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   - further mode restriction
   - lower ZPE:
              attractive force

E0(d/2) < E0(d)
⇒
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ZPE between parallel plates

allowed modes have to vanish on the plates 
(perfect conductor boundary conditions)
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d4

⇒

@ smaller plate separation
   - further mode restriction
   - lower ZPE:
              attractive force

E0(d/2) < E0(d)
⇒

X

X

Tuesday, June 10, 2014



The Casimir force

 It can also be interpreted as arising from
   fluctuations of charges and currents
   within the materials

  The Casimir effect is a universal effect from   
    confinement of vacuum fluctuations: it depends  
    only on   ,     and geometry� c

  The magnitude and sign of the force depends on geometry,
    material composition, and temperature

F

A
= − π2

240

�c
d4
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A maritime “analogy”

L’Album du Marin (France, 1836)

(unconfirmed) reports of tall ships 
attracting each other in calm seas 
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Van der Waals - Casimir

vdW - CP interaction Casimir and Polder (1948)

The interaction energy between a ground-state atom 
and a surface is given by

UCP(RA) =
h̄

c2ε0

∫
∞

0

dξ

2π
ξ2α(iξ) TrG(RA,RA, iξ)

Atomic polarizability:

Scattering Green tensor:

α(ω) = lim
ε→0

2

3h̄

∑

k

ωk0|d0k|2

ω2
k0

− ω2 − iωε

RA

(

∇×∇×−
ω2

c2
ε(r, ω)

)

G(r, r′, ω) = δ(r − r
′)

zA ! λA zA ! λANon-retarded (vdW) limit  Retarded (CP) limit

Eg: Ground-state atom near planar surface @ T=0

UvdW(zA) = −

h̄

8πε0

1

z3
A

∫
∞

0

dξ

2π
α(iξ)

ε(iξ) − 1

ε(iξ) + 1
UCP(zA) = −

3h̄cα(0)

8π

1

z4
A

ε0 − 1

ε0 + 1
φ(ε0)
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Some relevant applications
 Gravitation / Particle theory:

The Casimir force is the main background force to measure 
non-Newtonian corrections to gravity predicted by high energy 
physics

 Quantum Science and Technology:
Atom-surface interactions (e.g., atom chips, BECs) 
and precision measurements

Nanotechnology:
Casimir force is a challenge (stiction), 
but also an opportunity (contactless 
force transmission)
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Modern experiments
 Torsion pendulum  Atomic force microscope

 MEMS and NEMS

Lamoreaux (1997), 0.7-6.0 um Mohideen (1998), 0.1-0.9 um

Capasso (2001), Decca (2003), 0.2-1.0 um
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Lifshitz formula - Scattering theory
Lifshitz formula (1956) - Casimir interaction energy between two slabs 

E(d)

A
= �

�

p

� ∞

0

dω

2π

�
d2k

(2π)2
coth

�
�ω

2kBT

�
Im log[1−R1,p(ω, k) R2,p(ω, k) e

2id
√

ω2/c2−k2
]

RTM =
�(ω)kz −

�
�(ω)ω2/c2 − k2

�(ω)kz +
�
�(ω)ω2/c2 − k2

Fresnel reflection coefficients RTE =
kz −

�
�(ω)ω2/c2 − k2

kz +
�
�(ω)ω2/c2 − k2
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Lifshitz formula - Scattering theory
Lifshitz formula (1956) - Casimir interaction energy between two slabs 
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The log factor can be re-written as

d

∝
∞�

n=1

1

n
[R1,p eidkz R2,p eidkz ]n

Scattering theory for Casimir effects
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Going to imaginary frequencies

Kramers-Kronig (causality) �(iξ) = 1 +
2
π

� ∞

0

ω���(ω)
ω2 + ξ2

dω

Casimir physics is a broad-band frequency phenomenon

The function                          has poles on the 
imaginary frequency axis at 

coth(�ω/2kBT )

ωm = iξm , ξm = m
2πkBT

�
After Wick rotation:

F

A
= −2kBT

�

p

∞��

m=0

�
d2k

(2π)2
�

ξ2m/c2 + k2
R1,p(iξm, k)R2,p(iξm, k)e−2d

√
ξm/c2+k2

1−R1,p(iξm, k)R2,p(iξm, k)e−2d
√

ξm/c2+k2

Tuesday, June 10, 2014



Going to imaginary frequencies
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Casimir physics is a broad-band frequency phenomenon

The function                          has poles on the 
imaginary frequency axis at 

coth(�ω/2kBT )

ωm = iξm , ξm = m
2πkBT

�
After Wick rotation:

F

A
= −2kBT

�

p

∞��

m=0

�
d2k

(2π)2
�

ξ2m/c2 + k2
R1,p(iξm, k)R2,p(iξm, k)e−2d

√
ξm/c2+k2

1−R1,p(iξm, k)R2,p(iξm, k)e−2d
√

ξm/c2+k2

Some limiting cases:

F ∝ Td−3

F ∝ d−3

F ∝ d−4
(non-retarded limit, small distances)
(retarded limit, larger distances)
(classical limit, very large distances)
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How are these forces measured?
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Torsional pendulum 

Experiment by Lamoreaux group (Yale)

 Sphere-plane geometry: 

 Torsional pendulum (modern Cavendish-like)

R � d

dd ≈ 1 µm
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Typical Casimir measurement

force-free component of 
signal at large separations

electrostatic signal in 
response to an applied 
external voltage

residual signal due to 
distance-dependent 
forces, e.g. Casimir

This signal is minimized (           ) when               , and the electrostatic minimizing 
potential       is then defined to be the contact potential between the plates.

Sa = 0 Va = Vm

Vm

The electrostatic signal between the spherical lens and the plate, in PFA             , is

force-voltage conversion factor
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“Parabola” measurements

A range of plate voltages      is applied, and 
at a given nominal absolute distance the 
response is fitted to a parabola

Va

Calibration routine 

Fitting parameters

voltage-force calibration factor + absolute distance

distance-dependent minimizing potential

force residuals: patch potentials + Casimir + non-Newtonian gravity + ....
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Metals are not equipotentials

  Different crystal faces have different work functions

  Dirt: oxides, surface adsorbates strongly affect work function and 
surface potential by creating dipoles on the surface. 

Resulting potential variation 
across a surface:

 Despite what we have learned in freshman physics!
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Modeling patch potentials

To compute the patch effect in the sphere-plane 
configuration we use PFA for the curvature effect                 
               but leave       arbitrary

Speake and Trenkel, PRL 2003

Statistical properties for patch potentials: 

Behunin, DD, Zeng, Reynaud, PRA 2012
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Thermal Casimir force
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Tailoring Casimir with nanostructures
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The sign of the Casimir force

The sign of the force is directly connected to the sign of the product of 
the reflection coefficients on the two plates, evaluated at imaginary 
frequencies.  As a rule of thumb, we have (p=TE, TM)

In terms of permittivities and permeabilities:

�a(iξ)� �b(iξ)

µb(iξ)� µa(iξ)
Repulsion

F

A
= −2kBT

�

p

∞��

m=0

�
d2k

(2π)2
�

ξ2m/c2 + k2
R1,p(iξm, k)R2,p(iξm, k)e−2d

√
ξm/c2+k2

1−R1,p(iξm, k)R2,p(iξm, k)e−2d
√

ξm/c2+k2

R1,p(iξm, k)R2,p(iξm, k) > 0 ⇒ Attraction

R1,p(iξm, k)R2,p(iξm, k) < 0 ⇒ Repulsion
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Ideal attraction-repulsion

 Ideal attractive limit
ε1 = ∞ ε2 = ∞

Casimir (1948)

F

A
= − π2

240

�c
d4
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Ideal attraction-repulsion

 Ideal attractive limit
ε1 = ∞ ε2 = ∞
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F

A
= − π2

240

�c
d4

 Ideal repulsive limit
Boyer (1974)

ε1 = ∞ µ2 = ∞
F

A
=

7

8

π2

240

�c
d4
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Ideal attraction-repulsion

µ = 1

 Real repulsive limit
Casimir repulsion is associated with strong 
electric-magnetic interactions. However, natural 
occurring materials do NOT have strong 
magnetic response in the optical region, i.e. 

 Ideal attractive limit
ε1 = ∞ ε2 = ∞

Casimir (1948)

F

A
= − π2

240

�c
d4

 Ideal repulsive limit
Boyer (1974)

ε1 = ∞ µ2 = ∞
F

A
=

7

8

π2

240

�c
d4
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Ideal attraction-repulsion

µ = 1

 Real repulsive limit
Casimir repulsion is associated with strong 
electric-magnetic interactions. However, natural 
occurring materials do NOT have strong 
magnetic response in the optical region, i.e. 

Metamaterials

 Ideal attractive limit
ε1 = ∞ ε2 = ∞

Casimir (1948)

F

A
= − π2

240

�c
d4

 Ideal repulsive limit
Boyer (1974)

ε1 = ∞ µ2 = ∞
F

A
=

7

8

π2

240

�c
d4

Tuesday, June 10, 2014



   

Quantum levitation with MMs?

“In theory the 
discovery could be 
used to levitate a 

person”
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Metamaterials
 Artificial structured composites with designer electromagnetic properties

 MMs are strongly anisotropic, dispersive, magneto-dielectric media.

 Negative refraction

 Perfect lens

 Cloaking

Veselago (1968), Smith et al (2000) 

Pendry (2000) 

Smith et al (2007) 

THz MMs: eg split ring resonators Optical MMs: eg nano-pillars

ε, µ < 036µm 200nm
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Effective medium approximation

In this situation the MM is effectively a continuous 
medium, whose opt ica l response can be 
characterized by an effective electric permittivity and 
an effective magnetic permeability.  

Imagine that the MM is probed at wavelengths 
much larger that the average distance between 
the constituent “particles” of the MM.
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ω / Ω
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Re µ2(ω)

Re ε2(ω)
ε2(i ω)ε2(i ω)

µ2(i ω)
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ω / ΩE,1
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-3

-2

-1

0

1

2

3

4

Re ε1(ω)Re ε1(ω)

Im ε1(ω)

ε(i ω)

EMA: Drude-Lorentz responses

Metamaterial

εα(ω) = 1 −

Ω2

E,α

ω2
− ω2

E,α + iΓE,αω

µα(ω) = 1 −

Ω2

M,α

ω2
− ω2

M,α + iΓM,αω

Re ε2(ω) < 0 Re µ2(ω) < 0

Drude metal (Au)

ΩE,2/Ω = 0.1 ΩM,2/Ω = 0.3

ωE,2/Ω = ωM,2/Ω = 0.1

ΓE,2/Ω = ΓM,2/Ω = 0.01

ΩE = 9.0 eV ΓE = 35 meV

Infrared-optical frequencies

Typical separations 
d = 200 − 1000 nm

Ω/2π = 5 × 10
14

Hz

Close to the resonance, both       and         can be modeled 
by Drude-Lorentz formulas  

�(ω) µ(ω)
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Attraction-repulsion crossover 
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EMA: correct model for  

The appearance of the      factor in the numerator is very important: ω2

Although close to the resonance this 
behaves in the same way as the Drude-
Lorentz EMA permeability, it has a 
completely different low-frequency 
behavior

µeff(iξ) < 1 < �eff(iξ)

Drude-Lorentz for permeability is wrong.  The correct expression that 
results in EMA from Maxwell’s equations is  

No Casimir repulsion!

µ

(Pendry 1999)

 Rosa, DD, Milonni, PRL 100, 183602 (2008) 
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Other Casimir MMs: chirality

The chirality of a MM is defined by the chirality of its unit cell

In a chiral medium, the constitutive relations mix electric and magnetic fields

dispersive chirality: κ(ω) =
ωkω

ω2 − ω2
κR + iγkω
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Repulsion and chiral MMs

In chiral MMs the reflection matrix is non-diagonal (mixing of E and H fields). 

The integrand of the Casimir-Lifshitz force between two identical chiral MMs  
has the form: 

One might achieve repulsive Casimir 
forces with strong chirality (i.e., large 
values of       ) rsp

 Soukoulis et al.,  PRL 2009 

Same-chirality materials: repulsion

Opposite-chirality materials: repulsion

However, EMA breaks down here!
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Going beyond EMA

So far, we have treated the MM in the “long-wavelength approximation”, i.e., 
field wavelengths much larger than the typical size of the unit cell of the MM.

How to calculate Casimir forces when EMA does not hold?
Can one trust predictions of Casimir repulsion with MMs based on EMA?

Homogeneous 
medium

Non-homogeneous 
medium

EMA beyond EMA
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Casimir nanostructures

x

y

z

{a

{h

yy

{{{

h1
h3 h2
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k 

k’ 

Scattering theory
The Casimir force still may be described 
in terms of reflections (scattering theory)

Symbolically, we may write the Casimir energy as

x

y

z

{a

{h

yy

{{{

h1
h3 h2

∝
∞�

n=1

1

n
[R1(iξ)e

−dK(iξ)R2(iξ)e
−dK(iξ)]n

Ri(ω,k,k�, p, p�)
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Solving for the reflection matrix
The reflection matrix can be obtained with standard methods of numerical 
electromagnetism. One way is to solve Maxwell equations for the 
transverse fields

Assuming a two-dimensional periodic structure, we have

where 

Et(x, y) = eik·r
�

m,n

Em,n exp
�
i
2πn

Lx
x + i

2πm

Ly
y

�

Ht(x, y) = eik·r
�

m,n

Hm,n exp
�
i
2πn

Lx
x + i

2πm

Ly
y

�

�(x, y) =
�

m,n

�m,n exp
�
i
2πn

Lx
x + i

2πm

Ly
y

�

µ(x, y) =
�

m,n

µm,n exp
�
i
2πn

Lx
x + i

2πm

Ly
y

�
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Exact reflection matrix

One can then write the equations for the transverse fields as

Here H is a complicated matrix, that encapsulates the coupling of modes in 
the periodic structure.

By numerically solving this equation and imposing the proper boundary 
conditions of the field on the vacuum-metamaterial interphase (RCWA or 
S-matrix techniques), one can find the reflection matrix of the MM.
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2D periodic structures

0.1 0.2 0.3 0.4 0.5
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0

200

400

600

800
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m"

 Davids, Intravaia, Rosa, DD, PRA 82, 062111 (2010)

Casimir force between a Au plane and Si pillars/grating/membrane @ T=300 K

Casimir Force

Position Sensor

D
ep

th

Distance (a)

R = 50µm
period = 400 nm

depth = 1070 nm

fpillars = 1/4

fmembrane = 3/4

fgrating = 1/2
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Casimir plasmonics
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Mode summation approach

An alternative approach to the scattering formulation is to compute the 
Casimir energy as a sum over the zero-point energy of the EM in the 
presence of boundaries

E =
�

p,k

�
2

�
�

n

ωp
n

�

L� �� �
Infinite zero point energy

−
�

p,k

�
2

�
�

n

ωp
n

�

L→∞� �� �
Setting the zero

In the case of metallic plates described by the plasma model

E =
�

k

�
2

[ω+ + ω−]LL→∞
� �� �

Plasmonic contribution (Epl)

+
�

p,k

�
2

�
�

m

ωp
m

�L

L→∞� �� �
Photonic contribution (Eph)

µ[ω] = 1
�[ω] = 1− ω2

p

ω2

�
→
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Surface plasmons interaction

Surface plasmons are evanescent modes of the 
EM field associated with electronic density 
oscillations at the metal-vacuum interface.

When the tails of the evanescent fields overlap, 
the two surface plasmons hybridize

At short distances the Casimir energy is given by the shift in the zero-
point energy of the surface plasmons due to their Coulomb (electrostatic) 
interaction
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Mode spectrum in a cavity

TM-modes propagative modes look qualitatively like TE 
modes.

There are only two evanescent modes. They are the 
generalization to all distances of the coupled plasmon 
modes.

All the TE-modes belong to the propagative sector 

They differ from the perfect mirrors modes because 
of the dephasing due to the non perfect reflection 
coefficient.

E =
�

k

�
2

[ω+ + ω−]LL→∞
� �� �

Plasmonic contribution (Epl)

+
�

p,k

�
2

�
�

m

ωp
m

�L

L→∞� �� �
Photonic contribution (Eph)
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Plasmonic-photonic contributions 

• At short distance the plasmonic contribution dominates and is attractive

• At large distance the two contributions are opposite in sign and balance

Lifshitz = Red + Blue

Can one control the Casimir force by changing 
the balance of the two contributions?
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 Grating nanostructures
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 Experimental set-up 

 Torsional balance set-up

 Metallic sphere

 Metallic nano gratings

w, p, h ≈ 100 nm

 Sputtering and electroplating

R = 150 µm
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Strong force reduction

 Gratings with similar filling factor        
    have similar force reduction

 Results independent of fab method

filling factor

f =
w

p

 Strong force reduction with respect to
    the standard plane-sphere geometry
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Modeling and simulation

 Exact computation of the plane-grating pressure Ppg

 Use of standard PFA to treat the sphere’s curvature

F �
sg ≈ 2πRPpg d/R < 6× 10−3

Scattering approach + modal expansions




Ez(x, y)
Ex(x, y)
Hz(x, y)
Hx(x, y)





i

=
�

ν,s

A
(s,i)
ν Y(s,i)[x, η(s,i)ν ]eıλ[η

(s,i)
ν ]y

Analytical expressions for eigenvectors
Transcendental equation for eigenvalues

Li (1993)
y

x

p1 p2

{{

{ p

 Intravaia et al., PRA 86, 042101 (2012)

R � d

d

Tuesday, June 10, 2014



Reflection matrices
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Normalizing to PFA for grating

1000500200 300 700

�1.0

�0.5

0.0

0.5

1.0

Distance�nm�

P�P P
FA

p=250nm, w=90nm, h=216nm

p=300nm, w=116nm, h=214nm

(Similar filling factors)

Small separations:  PFA underestimates the 
total pressure.

Large separations:  PFA overestimates the 
exact pressure.

Pressure is going to zero faster than d-4

 Strong suppression of the Casimir force

PPFA
pg (d) = fPpp(d) + (1− f)Ppp(d+ h)

f1 = 0.387f1 = 0.360

d d+ h
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Open problem

WHY?
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Double checks on 
the experiment 
show no apparent 

Numerical crosschecks 
show that the theory is 
accurate within few %

Experiment/theory discrepancy: open problem in Casimir physics
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Final comments

 Quantum vacuum fluctuations induce macroscopic effects

 Casimir forces are one example of fluctuation-induced interactions

 Can be tailored by geometry, material composition, and temperature

 There are still open problems in Casimir physics, e.g. how to obtain 
   measurable force repulsion between vacuum-separated objects.

 - Observation of thermal corrections to the Casimir force

 - Strong Casimir force reduction using metallic nano-gratings
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Thank you
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